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Strain coupling in the PbTiO4
ferroelectric transition
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The construction of a first-principles effective Hamiltonian for the perovskite fer-
roelectric PbTiO3 yields independent parameters describing separate contributions
from quadratic-order lattice instabilities, anharmonic coupling, long-range dipolar
interactions and strain. The origin of the large strain effects in PbTiOj is identified
through analysis of chemical trends in related perovskite compounds. The generation
of long-range interactions by integrating out strain is discussed for these systems,
and an analogy with long-range dipolar interactions explored. The effects of strain
on the finite-temperature PbTiOj ferroelectric transition are investigated by solving
the effective Hamiltonian using mean field theory and the Monte Carlo simulation.
Strain is found to be responsible for the stabilization of the tetragonal phase be-
low T, and for the first order character of the transition. The effects of strain in
other perovskite transitions are expected to be similar. Finally, the importance of
realistic Hamiltonians for future microscopic simulations of microstructure effects is
discussed.
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1. Introduction

Perovskite structure oxides show a rich variety of structural phase transitions (Lines
& Glass 1977). The differing behaviour of individual compounds with changing tem-
perature is determined by the precise balance of competing contributions from fer-
roelectric, antiferroelectric, and other lattice instabilities, from long-range dipolar
interactions and from strain. Accurate knowledge of many independent parameters
is therefore needed to obtain a description of the structural energetics useful for un-
derstanding the behaviour of particular materials and the chemical trends relating
different systems.

A theoretical approach to this problem, combining quantitative realism with phys-
ical transparency, is based on the construction of effective Hamiltonians from first-
principles calculations. As has been shown in recent work (Cohen & Krakauer 1992;
Cohen 1992; Singh & Boyer 1992; King-Smith & Vanderbilt 1994; Zhong et al. 1994a;
Rabe & Waghmare 1994; Posternak et al. 1994; Ghosez et al. 1994; Postnikov et
al. 1994; Postnikov & Borstel 1994; Krakauer & Yu 1995; Singh 1995), the lattice
instabilities and resulting structural distortions in perovskite structure oxides can
be accurately calculated using first-principles density-functional methods, and the
results used as the foundation of studies of the finite-temperature structural tran-
sitions (Rabe & Waghmare 1995a; Zhong et al. 1994b, 1995; Zhong & Vanderbilt
1995). With the lattice Wannier function method (Rabe & Waghmare 1995b), effec-
tive Hamiltonians can be systematically constructed even for problematic systems
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involving several coupled modes at the zone boundary or interior of the zone. The
resulting models are expressed in terms of easily identifiable degrees of freedom corre-
sponding to local polar distortions and elastic deformations, and parameters which
determine the energies of various types of distortions and the couplings between
them. These parameters are derived from first-principles calculations for individual
materials and thus provide an accurate picture of the competition between differ-
ent types of instabilities and induced distortions. In particular, this approach can
be used to investigate strain effects, which are very important in determining both
equilibrium thermodynamic behaviour and transformation-induced microstructure
in the vicinity of the structural transition (Salje 1990).

In this paper, we investigate the physics of strain and strain-induced effects at the
ferroelectric transition in PbTiO3 from first principles. Strain coupling operates to
some degree in all perovskite structural transitions, but the strain effects in PbTiO3
are observed to be especially large. It is well established (Cohen & Krakauer 1992;
Cohen 1992) that strain coupling is responsible for stabilizing the tetragonal ground
state structure, with ¢/a = 1.06. Here, we focus on the effects at finite tempera-
tures, using an effective Hamiltonian which has been constructed through the lattice
Wannier function method, with special attention to the treatment of strain (Rabe
& Waghmare 1996; U. V. Waghmare & K. M. Rabe, unpublished work). The finite-
temperature ferroelectric transition in PbTiOj is studied by applying Monte Carlo
simulation and mean field theory to this effective Hamiltonian, and strain-induced
effects in the transition behaviour identified by comparing the behaviour of the full
system with that of the same system with strain coupling set to zero. We find that
the strain coupling has a significant effect on the transition temperature and plays
an important role in determining the first-order character of the phase transition, as
well as stabilizing the low-temperature tetragonal phase in the full temperature range
from T' = 0 to T,. We expect that strain coupling plays a similar role in other per-
ovskite transitions, particularly in stabilizing intermediate temperature tetragonal
phases such as those in BaTiO3 (Zhong et al. 1994b, 1995) and KNbOs3.

The rest of this paper is organized as follows. In §2, we present a detailed dis-
cussion of the treatment of strain degrees of freedom in the construction of effective
Hamiltonians for ferroelectric PbTiO3, with some comparison to aspects of the ef-
fective Hamiltonian construction for BaTiOs, KNbO3 and PbZrO3. The origin of
the large strain effects in PbTiO; is analysed in §3. Some general considerations
governing the numerical simulations of the effective Hamiltonian are discussed in § 4,
with particular attention to the long-range interactions generated by strain coupling.
In §5, we present classical Monte Carlo results for PbTiOs, as well as a mean field
theory analysis which explicitly includes strain coupling. The prospects for future
studies of the effects of spatial fluctuations and inhomogeneities using these realistic
effective Hamiltonians are discussed in §6. Section 7 concludes the paper.

2. Effective Hamiltonian

For the construction of the effective Hamiltonians for the ferroelectric transition
in PbTiO3, we use the lattice Wannier function method (Rabe & Waghmare 1995b).
Complete descriptions of the effective Hamiltonian constructions for PbTiO5 and
the more complicated antiferroelectric PbZrOg3 are contained in Rabe & Waghmare
(1996) and Waghmare & Rabe (1996). Here, we focus on the treatment of the strain
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Strain coupling in the PbTiO; ferroelectric transition 2899

degrees of freedom and the coupling of strain to other local distortions in PbTiOs3,
with comparisons to related features of BaTiO3z, KNbO3 and PbZrOs.

In the lattice Wannier function method, the effective Hamiltonian is obtained as
the result of projection of the full lattice Hamiltonian (in the Born-Oppenheimer
approximation) into a subspace of the full ionic displacement space. Starting from a
high-symmetry reference configuration (in this case, the cubic perovskite structure),
an orthonormal basis of symmetrized localized atomic displacement patterns, called
‘lattice Wannier functions’, is constructed to span the effective Hamiltonian subspace.
This basis defines a set of coordinates such that a non-zero value of one of the coordi-
nates corresponds directly to a particular localized pattern of atomic displacements
with definite symmetry. The effective Hamiltonian can be written as a function of
these coordinates. As a result of the symmetrized and localized nature of the basis,
the Taylor expansion of the effective Hamiltonian around the high-symmetry refer-
ence configuration (with all coordinate values equal to zero) has a simple form with
relatively few parameters, which can be determined from first-principles calculations
using the correspondence to patterns of atomic displacements.

The symmetry properties of a lattice Wannier function are specified by a Wyckoff
symbol for the space group of the high-symmetry reference structure and an irre-
ducible representation of the corresponding site symmetry group. For a given sym-
metry type of lattice Wannier function, a parametrization of the localized atomic
displacement pattern is obtained by choosing one of the Wyckoff positions speci-
fied by the Wyckoff symbol, finding the symmetric coordination shells surrounding
that site and identifying the independent displacement patterns of each shell that
transform according to the given irreducible representation of the site symmetry
group. For a particular system, the lattice Wannier function symmetries are chosen
and atomic displacement pattern parameters adjusted so that the subspace spanned
contains the desired set of phonons, with eigenvectors obtained from first-principles
calculations of the dynamical matrix. This set includes both the ‘relevant’ phonons,
which freeze into a high-symmetry reference structure (in this case, the cubic per-
ovskite structure) to produce the low-temperature structure, and the lowest energy
phonons of appropriate symmetry at other points in the Brillouin zone.

For the I'i5 ferroelectric transition found in PbTiOs3, the lattice Wannier func-
tion symmetry is that of a vector centred on the A site (Rabe & Waghmare 1996;
U. V. Waghmare & K. M. Rabe, unpublished work). For the closely related I'j5 ferro-
electric transitions in BaTiOs (Zhong et al. 1994b, 1995) and KNbO3 (H. Krakauer
and others, unpublished work), the lattice Wannier function has the symmetry of
a vector centred on the B site. The choice of A versus B-centred vectors, both of
which span subspaces containing [5, is determined by the symmetry labels of the
lowest zone-boundary modes in each material. For antiferroelectric PbZrOgs, there
are four relevant phonons: an Rss oxygen-octahedron rotation, a I'js polar mode, a
(10)(7/a) X3 mode, and a (110)(r/a)M} mode (Cochran & Zia 1968). The sym-
metry labels of all these modes can be reproduced by a basis of lattice Wannier
functions with the symmetry of two-dimensional vectors centred on the oxygen sites.
However, to reproduce the first-principles eigenvectors of all the relevant modes with
well-localized lattice Wannier functions, it proves necessary to extend the basis to
include lattice Wannier functions with the symmetry of vectors centred on the A
site. As we will discuss further later, there then remain degrees of freedom in the
oxygen-centred subspace which can be used to represent inhomogeneous strain.

With this choice of basis, the effective Hamiltonian for PbTiO3 describes a system
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of three-dimensional vectors {£;} at the sites of a simple cubic lattice. Heg is ex-
panded in symmetry-invariant combinations with respect to O}, the space group of
the cubic perovskite structure. In the present work, intercell interactions are included
up to quadratic order only. For first, second and third neighbours, the most general
quadratic interactions allowed by symmetry are included:

EY wle &) D) +arE ) - (& DE@ D) (2)

i d=nnl

N Z Z [br( ﬁz ) d)+bT1(§z dl)(ﬁz( ) d1)+bT2(€z dz)(ﬁz(d) dz)] (2.2)

i d=nn2

+ Z > len(€i- d)(&i(d) - d) + or(&i - &i(d) — (& - d)(&(d) - d))],  (2.3)
i d=nn3
while beyond third neighbour we use a dipole—dipole form parametrized by the mode
effective charge Z  and the electronic dielectric constant €:

Z Z (Z (& - &i(d) - |(d73' d)(&:(d) - d)) (2.4)

Terms in the onsite potential, depending only on values of &; at a single ¢, include
isotropic terms up to eighth order in |&;| and full cubic anisotropy at fourth order:

& (AP + BIEl + el + €, + €0+ D& + BlEl). (29)

Uniform distortions of the underlying lattice are easily included by introducing the
six-component homogeneous strain tensor e,g (o, 8 = x,v, 2). The energy associated
with homogeneous strain and its coupling to the local distortion &; is included in our
effective Hamiltonian for PbTiO3 to lowest non-trivial order:

~Cu Z e, + Clz Z €aatpp + C44 Z eas t fz Coas (2.6)

a#f a#p

+ QNO < Z eaa) Z l£i|2 + gﬁl <eaa Zé?a) Z €ap Zgzafzﬁ (2.7)
a 9 a ) a<,8
For our calculations in PbTiO3, we take e,3 = 0 at ap = 3.96883 A, the lattice
constant measured for the cubic phase just above T.

When coupling to homogeneous strain is important, then the fluctuations and spa-
tial inhomogeneity associated with inhomogeneous strain also can be expected to be
important. For inhomogeneous strain, the ‘relevant phonons’ are the zero-frequency
acoustic modes at the zone centre. In the lattice Wannier function method, the
inhomogeneous strain is represented by three degrees of freedom per unit cell, cor-
responding to a displacement field. Each degree of freedom represents the collective
motion of a group of atoms, and if the values are chosen to be uniform, the corre-
sponding ionic configuration is a uniform translation of the whole crystal. Away from
the zone centre, the acoustic modes are reproduced by a suitable choice of atomic
displacement pattern parameters. In this representation, we expand the pure strain
Hamiltonian in symmetry-invariant combinations. At quadratic order, the coefficients
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Strain coupling in the PbTiO; ferroelectric transition 2901

in this expansion are force constants, which we truncate at some chosen range, and
higher-order couplings (if included) are also truncated at short range. Note that
the displacement pattern for the strain lattice Wannier functions has no net dipole
moment, so that it is not necessary to include long-range dipolar interactions. To

ensure the preservation of global translational and rotational invariance within a
force constant model, we use the construction of Keating (1966). Since the lattice
Wannier functions are fit to the calculated phonon dispersions, the lowest-order in-
teractions between local distortion variables and strain are anharmonic. Typically,
we include the shortest-range lowest-order interactions only, imposing the constraint
that a uniform translation cannot lead to a change in energy at any order.

The construction of the pure strain Hamiltonian for PbTiOj is relatively simple.
To include inhomogeneous strain, the basis is expanded to include lattice Wannier
functions with the symmetry of vectors centred on the B site. As described previously,
the atomic displacement patterns must reproduce the I';5 uniform translation modes.
If the expansion of the effective Hamiltonian in the Keating construction is truncated
at three independent parameters and quadratic order, corresponding to the three
elastic constants, the following Hamiltonian terms are obtained:

1 -
¥ > A, (2.8)

+ %Z > lan(ui - d)(wi(d) - d) + ar(u; - ui(d) = (wi - d)(wi(d) - d)],  (2.9)

i d=nnl

+ % Z Z [BL(ui . Ci)('uz(ci) (i) =+ I;Tl('u,i . dl)(uz(d) Czl) + BT2(ui . dQ)(Uz(dA) . JZ)]

i d=nn2
(2.10)
With the expression of these parameters in terms of the elastic constants
a‘L = - %Cllv
ar = —4Cu,

b, = —bp1 = _%012 + ﬁclm,
BT2 = 07

they can easily be obtained from first-principles calculations. Because there are no
unstable modes in this subspace, there is no need to include higher-order interac-
tions. However, additional quadratic parameters could be included to improve the
description of the acoustic modes away from the zone centre.

The construction of the terms in the PbTiOj effective Hamiltonian coupling strain
and local distortions is also rather simple. With Wannier basis vectors that exactly
reproduce the phonon eigenvectors, there is no quadratic coupling between the two
subspaces A and B. The simplest anharmonic coupling that satisfies the constraint
of global translational invariance and does not vanish in the limit k& — 0 are the
nearest-neighbour couplings linear in w and quadratic in &, with both £ variables

Phil. Trans. R. Soc. Lond. A (1996)
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taken on the same site:

h .
0 {‘512:5 Z (uz(R; + 3a0Z + 3aod) — us(R; — Lao? + Laod)) + c.p.}

N = d=tg+s
h ) .
+_]\_} {&i( > (uy(Ri+ Laoi + aod) — uy(R; — Jaoj + Laod))
i d=+z+2

A
A
P 9

/\
'\

//\

+ Z (uz(Ri + a0z + Laod) — u.(R; — Lag2 + %agd))> + c.p.}

A

2\ d=%347
il ~
é E +N2 {@K@y( > (ua(Ri+ jaod + ja0d) — up(Ri = jaof + jaod))
2 : PR
E 8 + Y (uy(Ri+ aod + taod) — uy(R; — Jaod + %aod))) + CP'}'
A=ty
=w

&2 couples only to differences of u, which can be recognized as finite difference ap-
proximations to the gradient, and thus as the local strain tensor (also used in Zhong
et al. (1994b, 1995)). The three independent coupling parameters can be obtained
from first-principles calculations of the change in the quadratic part of the energy of
a uniform local distortion with changes in homogeneous strain (Rabe & Waghmare
1996; U. V. Waghmare & K. M. Rabe, unpublished work).

For PbZrOg3, the larger number of lattice Wannier functions per unit cell leads to
considerably more complicated expressions for the effective Hamiltonian, which are
given in detail in Waghmare & Rabe (1996). The situation regarding strain is some-
what different than in PbTiOg, since the inhomogeneous strain degrees of freedom
are in the 6 N-dimensional subspace of two-dimensional vectors centred on the oxygen
sites. In this case, we compute the quadratic parameters by fitting to first-principles
phonon eigenvectors and building into the fit the relations between the parameters
obtained by directly imposing the constraint of overall translational invariance. Be-
cause of the presence of unstable modes in the oxygen-centred subspace, it is also
necessary to include fourth-order interactions. For these parameters we also obtain
relations from the requirement of translational invariance, leading to a set of short-
range onsite and intersite interactions which are fit to anharmonic energies obtained
from first-principles total-energy calculations for uniform and selected zone-boundary
distortions. As in PbTiOj3, the Pb-centred vector lattice Wannier functions also have
anharmonic couplings to strain. The leading-order parameters are extracted from
first-principles calculations of the coupling of uniform distortions to homogeneous
strain by a procedure closely related to that in PbTiOs3.

There are a number of interesting points of comparison between our method for
constructing effective Hamiltonians and the approach to microscopic modelling of
structural phase transitions in minerals developed in Marais et al. (1991), Salje (1992)
and Marais et al. (1994). As in the present discussion, the strain is treated at the
microscopic level, modelled by a system of atoms connected by springs, building in
global translational and rotational invariance. The main distinction is in the character
of the local distortion variables. In the work on minerals, the local distortions are Ising
variables, for example representing two possible orientation states of a local cluster. In
the present discussion of perovskites, all local distortions are variable length vectors.
This leads to significantly different symmetry restrictions on the allowed terms that
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Strain coupling in the PbTiO3 ferroelectric transition 2903

couple local distortions and strain. In the minerals mainly considered, the leading
order coupling is bilinear, generating long-range quadratic interactions between local
distortions when the strain is integrated out (Bratkovsky et al. 1994; Tsatkis et al.
1994). In the perovskites, the leading order coupling is linear in strain and quadratic
in the local distortion, so that the induced long-range interactions are quartic, as
will be described in more detail in §4.

It should be possible, however, to improve the connections between these two
approaches. The lattice Wannier function method can, in principle, also be applied
to systems with chemical disorder and to systems with discrete local distortions,
both of which will require the inclusion of Ising-like variables. In such systems, the
resulting effective Hamiltonians should be closely related to those previously obtained
for minerals, and instructive comparisons should be possible.

3. Ground state structure determination

In this section, we examine the energetics of strain coupling in PbTiO3 and other
perovskites within the effective Hamiltonian framework. The goal is to understand,
in particular, whether the observation of large strain in the low temperature phase of
PbTiOj is due to any unusual features of the structural energetics, such as anoma-
lous elastic constants or strain couplings, that can be identified by examining chem-
ical trends in this class of materials. For this analysis, we use the first-principles
effective-Hamiltonian parameters which describe uniform distortions in eight per-
ovskite compounds (BaTiO3, SrTiO3, CaTiO3z, KNbO3, NaNbO3, PbTiO3, PbZrO3
and BaZrO3) from table I of King-Smith & Vanderbilt (1994).

A simple quantification of the importance of strain coupling, suggested by Salje
(1990), is the fraction of total distortion energy contributed by the strain relaxation.
For each of the eight perovskite compounds, we calculated the fraction of the total
energy difference between the cubic and the optimal tetragonal phase contributed by
the strain relaxation. In PbTiOg, we find this fraction to be 0.5, comparable to the
highest excess Gibbs free energy fractions observed in known ferroelastic minerals.
However, this is not a distinguishing feature of PbTiO3, since six of the seven other
perovskites included in the table have similar values, in the range 0.38-0.51. Only
PbZrOj; is different, with a significantly lower value of 0.18.

The role of strain coupling which has been most discussed in the literature is that
of determining whether the tetragonal or rhombohedral structure is the ground-
state structure. In the work of Cohen & Krakauer (Cohen & Krakauer 1992; Cohen
1992), strain coupling was seen to enhance the stability of the tetragonal phase both
in PbTiO3; and BaTiO3. In both cases, the ground-state structure in the absence of
strain coupling is rhombohedral. The magnitudes of the stability enhancement result
in a ground-state tetragonal structure in PbTiOg3, while in BaTiO3 the rhomobohe-
dral structure remains most stable. This comparison can be conveniently made by
integrating out the strain energy for uniform distortions to obtain effective fourth-
order couplings, as is described in detail in §II of King-Smith & Vanderbilt (1994),
resulting in the following expression for the energy:

E(€) = kl€]* + o [€]" + /(626 + &262 + §€2).

The tetragonal structure is favoured if the fourth-order anisotropy ' is positive, and
the rhombohedral favoured if 4 is negative. The signs for 7’ obtained for PbTiO3
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and BaTiO3 in King-Smith & Vanderbilt (1994) are consistent with the results of
Cohen & Krakauer (1992) and Cohen (1992) described previously.
The expression for v in terms of elastic constants and couplings between local

distortions and strains is
e ()
Y=Yt5\———
2\ )’

where p and p, are tetragonal and rhombohedral shear moduli, and v, and v, are
the corresponding strain couplings. Examination of this expression shows that the
differences between PbTiO3 and BaTiOj are in fact rather subtle. In both cases, 7' is
the sum of a negative bare contribution v and a positive contribution from coupling
to tetragonal strain 1(v2/u;) which are comparable in magnitude (the contribu-
tion from coupling to rhombohedral strain —1(v2/u,) is negligible). In PbTiO3, the
tetragonal strain coupling contribution is slightly larger in magnitude than +, result-
ing in a tetragonal ground state, while in BaTiOj, it is slightly smaller, resulting in
a rhombohedral ground state. As a result of this near cancellation, which occurs for
all eight perovskites studied, we have not been able to identify any systematic cor-
relations in the sign or relative magnitude of v/ with quantities such as the relevant
elastic constant yu, the ratio v2/7, or the frustration 6. In particular, the tetragonal
shear modulus y and the ratio v?/v are not dramatically different between PbTiO;
and BaTiOj (p is slightly smaller for PbTiO3 and 12/ slightly larger).

The upshot of this discussion is that the elastic constants and strain couplings in
PbTiOj3 are not anomalous when compared to those of BaTiO3 and other perovskites.
The fact remains, however, that the structural transitions in PbTiO3; and BaTiOj3
seem quite different. In particular, a comparison of the latent heats at the cubic—
tetragonal transition shows a pronounced distinction between the two compounds,
which can be roughly correlated with the energy difference between the cubic and
optimal tetragonal structures x?/(4a’). This latter trend does not directly arise from
differences in strain parameters, but rather from the very different values of bare «,
which is much smaller in PbTiO3 than in BaTiO3. The much smaller « in PbTiOj5 is
also responsible for the much larger amplitude for the local distortion in the optimal
tetragonal structure, as seen in Cohen & Krakauer (1992) and Cohen (1992). The
large tetragonal distortion in the ground state comes from the coupling of this strain
to the large local distortion, according to

O _ g0 — 9L (02
622 €z — Cll _ 012 (gz ) .

The difference in the values of « in the two compounds can be accounted for by ex-
amination of the unstable mode eigenvectors. To within 5%, the fourth-order energy
for the local distortion in the unstrained tetragonal structure for the two compounds
has the same value for a given distance between Ti and the nearest apical oxygen, i.e.

a(Pb) (1.28ay(Ba)\*
a(Ba) (O.78a2(Pb)) =105

Because of the larger involvement of Pb in the unstable mode in PbTiOs3, this given
distance corresponds to a significantly larger local distortion amplitude. The sig-
nificant role of Pb in the lattice instability has been previously noted (Cohen &
Krakauer 1992; Cohen 1992; Rabe & Waghmare 1996; U. V. Waghmare & K. M.
Rabe, unpublished work), and can be attributed to the unique chemistry of divalent
Pb in oxides.
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Strain coupling in the PbTiO3 ferroelectric transition 2905

In conclusion, it is not the strain parameters that are anomalous in PbTiOs, but
the anharmonic energy for the local distortion. The resulting large effects, however,
make PbTiOj3 ideal for studying strain-related effects at the structural transitions
which are present to some degree in all the perovskite transitions. As we shall discuss
in more detail later, the strain coupling turns out to play a crucial role in determining
the behaviour at the finite-temperature transition in PbTiOgs, and likely in many
other systems as well.

4. Finite temperature simulations: general considerations

The form of the effective Hamiltonian, while greatly simplified relative to the
original lattice Hamiltonian, is still sufficiently complicated to discourage the ap-
plication of analytical statistical mechanics methods such as renormalization group
analysis or high-temperature expansions. However, it is quite suitable for Monte
Carlo simulation, since changes in energy with configuration are readily calculated
numerically (Allen & Tildesley 1987). In a classical Monte Carlo simulation, thermo-
dynamic properties and probability distributions characterizing local structure can
be calculated with the assistance of finite-size scaling, permitting identification and
investigation of finite-temperature structural transitions of the system. Ideally, the
size of the simulation cell should be large enough to allow for the spatial inhomogene-
ity and domain structure considered to play an important role in the experimentally
observed behaviour of these materials (Zhang et al. 1994). However, it has not yet
been possible to perform such simulations for the PbTiO3 effective Hamiltonian. The
main obstacle to performing simulations for very large finite-size systems is the eval-
uation of the energy from the long-range dipole interaction, which will be discussed
later in this section.

The treatment of the strain variables in classical Monte Carlo simulations de-
serves specific comment. Because the strain variables appear only to quadratic order
in the PbTiOj3 effective Hamiltonian, it is possible to integrate over them analyti-
cally to obtain a reduced Hamiltonian expressed only in terms of the local distortion
variables. Performing these integrals analytically rather than numerically seems to
offer advantages both for the computation and for the physical interpretation of the
behaviour of the system (Marais et al. 1991). However, the analytical integration
generates long-range anisotopic quartic interaction terms in the local distortion vari-
ables. This can easily be seen for homogeneous strain by diagonalizing the quadratic
term in e,g in equation (2.6) through transformation to the symmetrized variables
v1 = (14/3)(esz +eyy+e€zz), V2 = (11/2)(egs —€yy) and vz = (11/6)(—ezz —eyy +2e,.).
The terms in the Hamiltonian that depend on homogeneous strain (equations (2.6)
and (2.7)) then take the form

1(C11 4 2C12)v] + 3(C11 — C12)(v3 + v3) + 2Cua(el, + €2, + €2.,)
V/3b o, a 2 2
+T(¥€?>“ ! W(Z'S ) 25)
a .
+m<— zz:ﬁi)z - ;é.fy + 221:&'22)”3,

where @ = g; and b = go + %gl. The three one-dimensional Gaussian integrals in the
partition function are then easily evaluated, with the resulting contribution to the
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reduced effective Hamiltonian (still temperature independent):

[2(01:-:?;012) 6(011?012)}( ZK’F)
e (ve) - (2e) (2e))
-2 (3 Zén&y) (% ;@x@z)z + (% ‘Lijéiysiz)z].

While in the case of homogeneous strain, the anisotropic quartic interactions thus
generated are infinite range and independent of separation, the analogous integration
of inhomogeneous strain will produce long range interactions which are separation
dependent. Note that this same symmetry-based change of variables also facilitates
the integration of the homogeneous strain coupled to uniform local distortions, as
described in § 3.

These long-range anisotopic quartic interaction terms in the reduced Hamiltonian
significantly complicate the calculation of change in energy with change in configu-
ration. There is therefore a trade-off between reduction in the number of degrees of
freedom and range of the interactions. For this reason, in our Monte Carlo investi-
gation of the ferroelectric transition in PbTiO3, we have decided to retain both the
local and homogeneous strain variables explicitly. Only for the homogeneous strain
are the induced interactions simple to calculate, and we have found that the results
from both approaches are the same.

The example of strain coupling in generating anisotropic long-range interactions
suggests a possible method for attacking the problem of computing the energy con-
tribution of dipolar interaction terms. We have found that it is possible to construct
partition-function-like integrals for systems of local distortions and auxiliary vari-
ables such that when the auxiliary variables are integrated out, the long-range dipo-
lar interaction is generated (B. A. Elliott & K. M. Rabe, unpublished work). In the
argument of the exponential, the auxiliary field variables appear to quadratic order
only (permitting analytical integration) and interactions between all variables are
short range, eliminating the long-range interactions so problematic in the numerical
simulations. For example, for vector variables &; on the sites of a simple cubic lattice,
we introduce a scalar auxiliary field ¢; at each lattice site, and write

7= [(a0;} [(ag;bexp(-BlHa({) + Hal(es}) + i (&}, (6,10,

where all terms include only short-range interactions allowed by cubic symmetry, H;
is purely quadratic, and H;, is the sum of the symmetry-allowed bilinear coupling
terms between ¢; and the independent short-range finite-difference approximations
to V - £ evaluated at the site j. With an appropriate choice of the short-range in-
teraction parameters and a change of variables from real space §; and ¢, to Fourier
space £(q) and ¢(q), it is straightforward to show that integration over the auxil-
iary fields ¢(q) generates a quadratic interaction in the £ that reproduces not only
the leading-order non-analytic behaviour of the dipolar interaction A“%(q) as ¢ — 0
(Aharony & Fisher 1973),
a, B
Ao‘ﬁ(q) — ay qu

—a2q“q” — [az + a4q® — as(q%)}bap + O((¢*)%, (¢*)2(¢%)%, ¢*, . . ),
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but, to an excellent approximation, the whole function A%?(q) throughout the Bril-
louin zone as computed using the Ewald method. There is, however, a catch. This
is that the interaction term iH;,, must be purely imaginary due to the sign of the
Fourier transform of the dipole interaction matrix, and thus the ‘partition func-
tion’ and related integrals for the extended system cannot be evaluated with a sim-
ple Metropolis Monte Carlo method. If there were an efficient numerical approach
for evaluating these integrals, this method could be competitive with existing fast-
multipole algorithms, especially in systems with periodic boundary conditions. Work
to identify a suitable algorithm is in progress.

5. Finite temperature simulations: method and results

For the investigation of the ferroelectric transition in PbTiO3, we use a single-flip
Metropolis approach, with runs ranging between 25000 and 150 000 sweeps through
the lattice. Periodic boundary conditions are imposed on an L x L x L simulation cell,
with finite-size scaling applied for L ranging from 5 to 11. In a finite-size simulation,
a first-order transition such as the ferroelectric transition in PbTiO3 leads to the
coexistence of two distinct phases, separated by an energy barrier, in a temperature
range near T.. Recently developed Monte Carlo methods for first-order transitions
(Berg & Neuhaus 1992; Borgs & Janke 1992; Janke 1992) determine the transition
temperature from the condition that the difference in the free energies of the two
phases be zero. If the two phases are sampled ergodically in the simulation, this
difference is quite easy to compute. However, in general first-order transitions, un-
biased sampling of the two phases can be extremely difficult to achieve, especially
as the simulation-cell size increases. While we are presently considering various al-
gorithms suitable for this situation, for now we put bounds on 7, by monitoring the
sensitivity of the average structural parameters to the choice of initial state: 7% is
the lowest temperature at which the system averages are characteristic of the cubic
state, starting with an initial ground state tetragonal configuration, while T is the
highest temperature at which a starting cubic configuration results in a tetragonal
state. These bounds are plotted in figure 1. A value of T, = 660 K, obtained from
averaging the bounds at the largest system size, is in very good agreement with the
experimental transition temperature 763 K.

From the Monte Carlo simulations, we obtained additional information about the
behaviour at the transition. An estimate of a latent heat of 3400 J mol~!, extracted
from separate runs for the two phases at L = 9, obtained by using different initial
states at T = 666 K, is in rough agreement with the measured value of 4800 J mol~!
(Shirane & Sawaguchi 1951), and very much larger than the 209 J mol~! latent heat
of the cubic-tetragonal transition in BaTiO3 (Shirane & Takeda 1952). The discon-
tinuous change in the structural parameters through the first-order transition can be
seen in figures 2 and 3, slightly broadened by the finite-size effects.

One of the unique opportunities offered by this first-principles analysis is to in-
vestigate the role of different contributions to Hes by performing simulations in
which individual terms have been ‘turned off’. One particularly striking result of
this procedure is that if the homogeneous strain coupling parameters gy, g1 and go
are set to zero, the character of the transition changes significantly. The transition
temperature, determined using cumulants at several system sizes, shifts significantly
downward to a value of 400 K. The temperature dependence of the average uniform
local distortion shows no jump, but rather a smooth increase through the transition,
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Figure 1. Monte Carlo estimate of T as a function of increasing simulation-cell size L. At each
L, the vertical line extends from the lower bound 7« to the upper bound 7T<, calculated as
described in the text.
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Figure 2. The thermally averaged absolute values of the largest, middle and smallest components
of (1/N) ZZ &, are plotted as a function of temperature in the vicinity of the calculated transition
temperature 7, = 660 K. The simulation was performed for L = 5, with 90000 Monte Carlo
sweeps at each temperature.

Figure 3. The thermal average of the tetragonal unit cell distortion c¢/a is plotted as a function
of temperature in the vicinity of the calculated transition temperature 7. = 660 K, from the
same simulation as in figure 2.

as expected for a finite-size simulation of a second-order transition. Furthermore,
the low-temperature phase is not tetragonal, but rhombohedral. From this observed
change in character from a first-order cubic—tetragonal transition to a second-order
cubic-rhombohedral transition, we conclude that not only is the strain coupling re-
sponsible for stabilizing the ground-state tetragonal structure, as has been previously
noted (Cohen & Krakauer 1992; Cohen 1992), but it is also the key factor in produc-
ing the pronounced first-order character of the ferroelectric transition in PbTiOs3.
To investigate in more detail how strain coupling affects the order of the transition
and stabilizes particular phases, we have applied the mean field theory technique,
where the role played by individual parameters can be analytically examined. The
comparison with Monte Carlo results also permits us to assess the role of fluctuations
in determining transition behaviour. Here, we present a mean field theory analysis
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of the effective Hamiltonian valid for ferroelectrics both of the types PbTiO3; and
types BaTiO3 and KNbOs, including strain coupling. In the variational formulation,
a trial density matrix is used to evaluate the free energy functional

Flp] = tr[pH] + KT trfpIn p),

which is then minimized with respect to the variational parameters. In the present
case, the trial density matrix corresponding to mean field theory has the form of the
product of independent single-site density matrices

/3[{61}, v, e h, X, (,b] _ exp(__ﬂ[Hstr,l('U, €; X, ¢)]) H exp(—/@[Hl(ﬁi; h, Qa,@]) ,

Zsa Z
where

Hepe,1 (v, €%, @) = 5(C11 + 2C12)v] + 2(C1y — Cra)(vh + v3)
+20u(ed +es+ed)+x-v+o-e,

Zoy = / dv de exp(—FHurn), 71 = / A exp(—FH,),
H1(& Ry Qap) = Viee () + & h = > Qaplals.

asp

A simplified notation has been introduced for the strain degrees of freedom, that is
v1 = (1//3)(€aa+eyy+esz), va = (1//2)(eza —eyy), v3 = (1/v/6)(—€uz —eyy +2e.2),
€1 = €y, €2 = €4, and ez = e,,. Each H; factor in the trial density matrix is the
probability distribution for a single vector € in an effective field generated by the
nonzero average values of the neighbouring vectors and an effective potential due
to the homogeneous strain. For the strain, the additional H, 1 factor in the trial
density matrix is the probability distribution of the components of the homogeneous
strain under an effective stress generated by the nonzero average values of the squared
vectors. The effective field A and the effective stresses x and ¢ are the variational
parameters. The effective potential tensor (Jup is not an independent variational
quantity, but is determined by the strain coupling terms in H and the homogeneous
strain produced by the effective stresses x and ¢, so that

e e 0o 7))
zx — + _— —= R
@ <C11 +2C1  V2(Cy — C1o) X2 \/§X3

e =)
v Cll + 26112 \/5(011 - 012) X2 \/§X3 ’

V/3b 2a
sz = - ( X1 + X3>’
Cnn+2C1  V6(Chy — Cha)

_ 9 __ 9 _
sz - 4044 ¢1> sz 4044 ¢27 Qyz

where @ = g1 and b= go + %gl.
After considerable rearrangement, the free energy functional takes the form

A, X3 03 +x3) | (#3403 +¢3)
-—k}Tl Z + h+ s o 2+ 1 2 3 + 1 2 3 )
nZi+(8) bt oy Za:<§ e 200 T 2 = ) 8Cu

92

- 4044 (;b?n
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The resulting extremum equations can be examined to show the equivalence of this
analysis to the usual self-consistent equations of mean field theory; in particular,
h = A,(€). In our approach, the trial free energy functional is minimized numeri-
cally using conjugate-gradients minimization and three-dimensional integration sub-
routines from IMSL. We compute the free energies as a function of temperature sep-
arately for the cubic phase (one variational parameter), the tetragonal phase (three
variational parameters) and the rhombohedral phase (three variational parameters).
We find that for the full PbTiO3 Hamiltonian the cubic phase is most stable above
T. = 1100 K, while for temperatures below T, the tetragonal phase is more stable
than the rhombohedral phase, and both are lower in free energy than the cubic
phase (which is not necessarily locally stable). For the PbTiO3 Hamiltonian with
strain coupling set to zero, the transition temperature shifts considerably downward,
to T, = 910 K, and the rhombohedral phase is now seen to be the most stable phase
for temperatures below T.. While, as is not unexpected, the mean-field transition
temperatures are significantly higher than those obtained in the Monte Carlo simu-
lations, the magnitude of the shift is similar and the same low-temperature phases
are observed in both approaches.

To determine the order of the transition in our mean field analysis, we focus
on the point where the cubic and low symmetry phase free energy curves cross.
The behaviour in the vicinity of this temperature can be described by a Landau
free energy functional. In this framework, the minimization of the strain variational
parameters induces an anisotropic negative fourth-order interaction favouring the
tetragonal phase. If this is large enough to lead to an overall negative fourth-order
term it will, within Landau theory, produce the triple-well potential associated with
a first-order transition. Surprisingly, we find within our computational accuracy that
both the zero strain and full Hamiltonian transitions are second order in mean field
theory. This may be related to the observation that the structural parameters for the
tetragonal phase in figures 2 and 3 smoothly extrapolate to zero at around the mean
field transition temperature. Thus, we speculate that the transition is driven first
order by strain-coupled fluctuations, in a manner similar to that previously discussed
for the structural transition in GeTe (Rabe & Joannopoulos 1987a, b, 1992), and more
recently in Salje & Vallade (1994).

It may be much more generally true for the perovskites that strain plays an essen-
tial role in producing a first-order cubic-tetragonal transition in systems which would
otherwise have rhombohedral ground states. For example, the effect of setting strain
coupling to zero in BaTiOj is similar to what we have described previously, with
the correct phase sequence and transition orders being replaced by a direct cubic—
rhombohedral transition (Zhong et al. 1994b, 1995). To test this idea further, we
have used mean-field theory to analyse the eight-site model of Comes (1968), intro-
duced for the interpretation of diffraction results in BaTiO3 and generally regarded
as providing a plausible scenario for the observed sequence of phase transitions. This
model can be regarded as a limiting case of our vector model, where Vj,. possesses
such deep wells along the (111) directions that the only allowed values for the vector
on each site are (41,41, +1), while the intersite interactions retain the same form
as in expressions (2.1)—(2.4). In this model, the entropy is purely configurational,
with the largest entropy in the cubic phase (equal probability for the site in each of
the eight sites), followed by the tetragonal phase (four sites preferentially occupied
with equal probability), the orthorhombic phase (two preferred sites) and the rhom-
bohedral phase (one preferred site). The energy follows the opposite order, with the
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rhombohedral phase (allowing maximal lineup of spins on neighbouring sites) most
favourable in energy, and the cubic phase least. It is these opposite trends in energy
and entropy that are generally assumed to lead to the observed sequence of phases
(cubic-tetragonal-orthorhombic-rhombohedral) with decreasing temperature.

In fact, a quantitative calculation of the phase diagram, in mean field theory, shows
this model undergoing a direct cubic-rhombohedral transition, with no intermedi-
ate tetragonal or orthorhombic phases. The calculation is a simple special case of
the mean field theory we have described previously, since the Vi, term in the local
potential contributes no structural dependence. It follows that the trial free energy
decouples into a sum of the trial free energies for three independent Ising models,
each separately determining one Cartesian component of the effective field h. Since
the tetragonal phase corresponds to one non-zero component of h, and the rhom-
bohedral phase corresponds to the three components being equal in magnitude and
non-zero, it is clear that the latter phase must always be more stable than the former.
This conclusion is preserved by the use of the most general single-site trial density
matrix for the eight-site model, which for the tetragonal phase does not introduce
any additional variational parameters and therefore does not result in any lowering
of its free energy. While awaiting a full treatment of the eight-site model (for ex-
ample, results of Monte Carlo simulations), we speculate that the character of the
transition can only be changed by extending the model to include strain coupling.
Investigations of this issue are in progress.

The mechanism for the observed sequence of transitions in the ferroelectric per-
ovskites has long been a central issue in the study of these materials. Here, we have
identified important roles both for strain coupling and fluctuations in producing the
correct low temperature phases and orders for the transition. Further support comes
from the recent work of Cowley, who found that general vector models on a sim-
ple cubic lattice with quadratic intersite interactions do not, within mean field the-
ory, exhibit the sequence of first-order cubic-tetragonal-orthorhombic-rhombohedral
transitions characteristic of BaTiO3 (Cowley 1995). Indeed, as we have shown pre-
viously, even the canonical eight-site model does not provide a mechanism for the
transition sequence within mean field theory without strain coupling. The explicit in-
clusion of strain provides a mechanism for stabilizing a tetragonal phase in a system
which would otherwise have a rhombohedral ground state. However, with values for
model parameters obtained for PbTiO3 from first principles, the first-order character
of the cubic-tetragonal transition is not reproduced in the mean field theory. The
fact that the correct behaviour is only observed for the PbTiO3 model in numerical
Monte Carlo simulations only when strain coupling is included suggest that the ef-
fects of strain-coupled fluctuations are essential in producing the observed first-order
character of the transition, as discussed in Salje & Vallade (1994). Furthermore, at
present we have not been able to find a set of model parameters which yields a
cubic-tetragonal-orthorhombic-rhombohedral sequence in mean field theory. Thus
intersite fluctuations combined with strain coupling may be responsible for stabilizing
a tetragonal phase at intermediate temperatures. We speculate that the same con-
clusion holds for other ferroelectrics such as KNbO3 and BaTiOs. It is even possible
that these two effects stabilize a transition into the tetragonal phase from the cubic
phase for a broad class of parameter values, providing an explanation of the exper-
imental non-observation of direct cubic-rhombohedral transitions in stoichiometric
perovskite compounds (Cohen 1995).
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6. Future directions

Spatial fluctuations and transformation-induced microstructure effects in ferroe-
lastics have been the subject of recent research on the microscopic level (Marais et
al. 1994; Parlinski et al. 1993a,b). In ferroelectrics, spatial inhomogeneity and do-
main structure are also considered to play an important role in the experimentally
observed behaviour (Zhang et al. 1994). Many of the issues that arise have direct
analogs in ferroelastics. However, in ferroelectric systems, we have the additional fac-
tor of long-range dipolar interactions which we expect will compete (or cooperate)
with the strain-induced interactions to produce characteristic microstructure effects.
Therefore, microscopic investigations based on realistic effective Hamiltonians for
microstructural effects in ferroelectrics are of great interest. In such simulations, the
quantitative balance of the competing interactions could be meaningfully examined,
and the separate roles of the various energetic contributions identified by selectively
turning them off.

Direct simulations with the full microscopic Hamiltonian on a sufficiently large
scale for these investigations are extremely computationally demanding. The largest
sizes (12 x 12 x 12 unit cells) used in our Monte Carlo simulations of the phase
transition are certainly too small to contain more than one domain. In particular, we
found that setting the coupling to inhomogeneous strain to zero has negligible effects
on the properties of the structural transition. As discussed in §4, the improvement
of algorithms for evaluating dipolar energies should relax these size limitations. In
addition, it is necessary to examine the effects of different boundary conditions,
most notably free boundary conditions and periodic boundary conditions. Lastly,
dynamical effects should be also be included in the investigation. Because of the
simple form of the kinetic energy in effective Hamiltonians constructed by the lattice
Wannier function method, this can be readily accomplished by using an appropriate
molecular dynamics method. Work towards dynamical simulations is in progress.

Since the largest simulation size attainable for the full microscopic Hamiltonian
will be limited even with significant improvements in the algorithms, it is worthwhile
to consider alternative approaches to the quantitative studies of microstructure in
individual ferroelectric materials. The most natural approach is to use the full mi-
croscopic Hamiltonian as the starting point for the derivation of a realistic coarse-
grained model, which is then applied to the phenomena of interest. For example, time-
dependent Ginzburg-Landau theory, with empirically derived parameters, has been
widely applied to the study of domain wall profiles and motion (Houchmandzadeh
et al. 1991), and more generally to transformation-related microstructures (Tsatskis
et al. 1994). Just as we can obtain the parameters in a Landau theory of the ferro-
electric transition from first principles, we could generalize this procedure to derive
Ginzburg-Landau gradient terms and relaxation times from our first-principles ef-
fective Hamiltonian. This would not only permit the extension of simulation studies
to much larger system sizes, but also allow the quantitative evaluations of approxi-
mations made in the Ginzburg-Landau form through computation of the neglected
terms and direct comparison with small-scale simulations. Through this connection
to the extensive literature on continuum approaches to transformation-induced strain
effects, substantial progress in the understanding of individual ferroelectric materials
can be expected.
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7. Conclusions

First-principles calculations of total energy and force constants, combined with
the construction of an effective Hamiltonian, provide a quantitative approach to the
investigation of strain-related effects at the finite-temperature ferroelectric transition
in PbTiOg3. Such effects appear to play an essential role in producing the correct char-
acter for the transition and low-temperature phase in PbTiO3, and there is reason to
believe that this is true for other perovskite compounds as well. Future extensions to
larger-scale simulations and investigation of dynamical properties can be expected
to yield further information about the role of strain coupling in determining the
properties of ferroelectric perovskites and related materials.
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